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r-EXTENDED LAH-BELL NUMBERS AND POLYNOMIALS ASSOCIATED WITH
r-LAH NUMBERS
DAE SAN KIM AND TAEKYUN KIM
ABSTRACT. The aim of this paper is to study some basic properties of the r-extended Lah-Bell
numbers and polynomials associated with r-Lah numbers and to show the connection between the
r-extended Lah-Bell polynomials and the rising factorial moments of the Poisson random variable
shifted by an even nonnegative integer 2r. Here the nth r-extended Lah-Bell number counts the
number of ways a set of n+ r elements can be partitioned into non-empty linearly ordered subsets
such that r distinguished elements have to be in distinct linearly ordered subsets and the r-extended
Lah-Bell polynomials are natural extensions of the r-extended Lah-Bell numbers.
1. INTRODUCTION AND PRELIMINARIES
Throughout this paper, a non-empty linearly ordered subset will be simply called an ordered
block. Let n,k,r be nonnegative integers, with n ≥ k. Then, the r-Lah number Lr(n,k) counts the
number of partitions of a set with n+ r elements into k+ r ordered blocks such that r distinguished
elements have to be in distinct ordered blocks (see [12]). It is natural and meaningful to define the
r-extended Lah-Bell number BLn,r as the number of ways a set of n+ r elements can be partitioned
into ordered blocks such that r distinguished elements have to be in distinct ordered blocks. From
the definitions of r-Lah numbers and the r-extended Lah-Bell numbers, we note that
(1) BLn,r =
n
∑
k=0
Lr(n,k), (n≥ 0).
The r-extended Lah-Bell polynomials BLn,r(x) are also defined as natural extensions of the r-extended
Lah-Bell numbers. For r = 0, we note that L(n,k) = L0(n,k), B
L
n = B
L
n,0 = ∑
n
k=0L(n,k), B
L
n(x) =
BLn,0(x) are respectively the Lah numbers, the Lah-Bell numbers and Lah-Bell polynomials (see
[4]).
The aim of this paper is to study some basic properties of the r-extended Lah-Bell numbers
BLn,r and polynomials B
L
n,r(x) associated with r-Lah numbers Lr(n,k) and to show the connection
between the r-extended Lah-Bell polynomials BLn,r(x) and the rising factorial moments of X + 2r,
where X is a Poisson random variable and r is a nonnegative integer.
The outline of our main results is as follows. We obtain a recurrence relation for r-Lah numbers
and the generating function of the r-extended Lah-Bell numbers. Also, we derive Dobinski-like
formulas for the r-extended Lah-Bell numbers and polynomials. We express the r-extended Lah-
Bell numbers in terms of the r-extended Bell numbers and vice versa. Also, we get an expression of
r-Lah numbers in terms of the Stirling polynomials of the second kind and vice versa. In addition,
we deduce a relation among r-Lah numbers. Lastly, as an application, we show that the rising
factorial moments of X + 2r is equal to the r-extended Lah-Bell numbers evaluated at α , where X
is the Poisson random variable with parameter α(> 0), and r is a nonnegative integer.
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The novelty of this paper is that it reveals the connection between the rising factorial moments
of the Poisson random variable shifted by an even nonnegative integer 2r and the r-extended Lah-
Bell polynomials. This follows from the fact that the probability-generating function of the Poisson
random variable shifted by an even nonnegative integer 2r is equal to the generating function of
r-exteneded Lah-Bell polynomials. For the rest of this section, we recall the necessary facts that
will be needed throughout this paper.
For any integers n,k ≥ 0, the Lah numbers are given by
(2) L(n,k) =
(
n−1
k−1
)
n!
k!
, (see [3,4,12]).
Recently, the nth Lah-Bell number BLn , (n≥ 0), is defined as the number of ways a set of n elements
can be partitioned into ordered blocks. Thus, we have
(3) BLn =
n
∑
k=0
L(n,k), (n≥ 0), (see [4]).
The Lah-Bell polynomials are given by
(4) BLn(x) =
n
∑
k=0
L(n,k)xk, (see [4]).
The generating function of Lah numbers is given by
(5)
1
k!
(
1
1− t
−1
)k
=
∞
∑
n=k
L(n,k)
tn
n!
, (k ≥ 0), (see [4]),
and that of Lah-Bell polynomials is given by
(6) e
x
(
1
1−t−1
)
=
∞
∑
n=0
BLn(x)
tn
n!
, (see [4]).
The falling factorial sequence is defined by
(x)0 = 1, (x)n = x(x−1) · · · (x−n+1), (n≥ 1).
The Stirling numbers of the first kind are defined as
(7) (x)n =
n
∑
k=0
S1(n,k)x
k
, (n≥ 0), (see [1−12]).
As an inversion formula of (7), the Stirling numbers of the second kind are given by
(8) xn =
n
∑
k=0
S2(n,k)(x)k.
From (7) and (8), we note that the generating function of Stirling numbers of the first kind and that
of the second kind are respectively given by
(9)
1
k!
(
log(1+ t)
)k
=
∞
∑
n=k
S1(n,k)
tn
n!
,
and
1
k!
(
et −1
)k
=
∞
∑
n=k
S2(n,k)
tn
n!
, (k ≥ 0), (see [1−12]).
It is known that the Stirling polynomials of the second kind are defined by
(10)
1
k!
ext
(
et −1
)k
=
∞
∑
n=k
S2(n,k|x)
tn
n!
, (k ≥ 0), (see [9]).
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The Bell polynomials are given by
(11) ex(e
t−1) =
∞
∑
n=0
Bn(x)
tn
n!
, (see [9]).
For x= 1, Bn = Bn(1), (n≥ 0), are called the Bell numbers.
From (10) and (11), we have
(12) Bn(x) =
n
∑
k=0
S2(n,k)x
k
, (n≥ 0), (see [9]).
A random variable X , taking on one of the values 0,1,2, . . . , is said to be the Poisson random
variable with parameter α(> 0), if the probability mass function of X is given by
p(i) = P{X = i}= e−α
α i
i!
, i= 0,1,2, . . . .
Let f (x) be a real valued function, and let X be a Poisson random variable. Then we have
(13) E[ f (X)] =
∞
∑
i=0
f (i)p(i), (see [13]).
For n,k ≥ 0, with n ≥ k and r ≥ 0, the r-Lah number Lr(n,k) counts the number of partitions of a
set with n+ r elements into k+ r ordered blocks such that r distinguished elements have to be in
distinct ordered blocks.
It is known that the r-Lah numbers are given by
(14) Lr(n,k) =
n!
k!
(
n+2r−1
k+2r−1
)
, (see [12,Theorem 3.7]),
From (14), we note that the generating function of r-Lah numbers is given by
(15)
∞
∑
n=k
Lr(n,k)
tn
n!
=
1
k!
(
1
1− t
−1
)k(
1
1− t
)2r
, (see [12]).
2. r-LAH NUMBERS AND r-EXTENDED LAH-BELL NUMBERS AND POLYNOMIALS
Let n,k,r be nonnegative integers with r ≥ 0. First, we recall that the r-extended Lah-Bell
number BLn,r is defined as the number of ways a set of n+ r elements can be partitioned into ordered
blocks such that r distinguished elements have to be in distinct ordered blocks and from (1) that we
have
BLn,r =
n
∑
k=0
Lr(n,k), (n≥ 0).
On the one hand, we have(
1
1− t
)x(
1
1− t
)2r
=
(
1+
t
1− t
)x(
1
1− t
)2r
(16)
=
∞
∑
k=0
(x)k
1
k!
(
t
1− t
)k(
1
1− t
)2r
=
∞
∑
n=0
(
n
∑
k=0
Lr(n,k)(x)k
)
tn
n!
.
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On the other hand, we have
(17)
(
1
1− t
)x(
1
1− t
)2r
=
(
1
1− t
)x+2r
=
∞
∑
n=0
〈x+2r〉n
tn
n!
,
where 〈x〉0 = 1, 〈x〉n = x(x+1) · · · (x+n−1), (n≥ 1).
Therefore, by (16) and (17), we obtain the following lemma.
Lemma 1. For n,r ≥ 0, we have
〈x+2r〉n =
n
∑
k=0
Lr(n,k)(x)k.
From Lemma 1, we obtain
〈x+2r〉n+1 = 〈x+2r〉n(x+2r+n)(18)
=
n
∑
k=0
Lr(n,k)(x)k
(
(x− k)+n+2r+ k
)
=
n
∑
k=0
Lr(n,k)(x)k+1+
n
∑
k=0
L(n,k)(x)k(n+2r+ k)
=
n+1
∑
k=1
Lr(n,k−1)(x)k +
n
∑
k=0
Lr(n,k)(n+2r+ k)(x)k
=
n+1
∑
k=0
(
Lr(n,k−1)+ (n+2r+ k)Lr(n,k)
)
(x)k.
By Lemma 1, we also have
(19) 〈x+2r〉n+1 =
n+1
∑
k=0
Lr(n+1,k)(x)k.
By (18) and (19), we obtain the following proposition.
Proposition 2. For n,k,r ≥ 0 with n≥ k, we have
Lr(n+1,k) = Lr(n,k−1)+ (n+2r+ k)Lr(n,k).
From (2), we derive the generating function of the r-extended Lah-Bell numbers as follows:
∞
∑
n=0
BLn,r
tn
n!
=
∞
∑
n=0
(
n
∑
k=0
Lr(n,k)
)
tn
n!
=
∞
∑
k=0
∞
∑
n=k
Lr(n,k)
tn
n!
(20)
=
∞
∑
k=0
1
k!
(
1
1− t
−1
)k(
1
1− t
)2r
= e
(
1
1−t−1
)(
1
1− t
)2r
.
Therefore, we obtain the following theorem.
Theorem 3. For r ≥ 0, we have
e
(
1
1−t−1
)(
1
1− t
)2r
=
∞
∑
n=0
BLn,r
tn
n!
.
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By Theorem 3, we get
∞
∑
n=0
BLn,r
tn
n!
=
1
e
e
1
1−t ·
(
1
1− t
)2r
=
1
e
∞
∑
k=0
1
k!
(
1
1− t
)k+2r
=
∞
∑
n=0
(
1
e
∞
∑
k=0
〈k+2r〉n
k!
)
tn
n!
.(21)
Therefore, by comparing the coefficients on both sides of (21), we obtain the following theorem.
Theorem 4 (Dobinski-like formula). For n≥ 0, we have
BLn,r =
1
e
∞
∑
k=0
〈k+2r〉n
k!
.
In view of (4), we define the r-extended Lah-Bell polynomials as
(22) BLn,r(x) =
n
∑
k=0
Lr(n,k)x
k
, (n≥ 0).
From (22), we note that
∞
∑
n=0
BLn,r(x)
tn
n!
= ex
(
1
1−t−1
)(
1
1− t
)2r
(23)
=
1
ex
∞
∑
k=0
(
1
1− t
)k+2r
xk
k!
=
1
ex
∞
∑
k=0
xk
k!
∞
∑
n=0
〈k+2r〉n
tn
n!
=
∞
∑
n=0
{
1
ex
∞
∑
k=0
〈k+2r〉n
k!
xk
}
tn
n!
.
Therefore, by (23), we obtain the following theorem.
Theorem 5. For n≥ 0, we have
BLn,r(x) =
1
ex
∞
∑
k=0
〈k+2r〉n
k!
xk.
It is known that the r-extended Bell numbers are given by
(24) ee
t−1+rt =
∞
∑
n=0
Bn,r
tn
n!
, (see [9]).
Replacing t by − log(1− t) in (24), we get
e
1
1−t−1
(
1
1− t
)2r
=
∞
∑
k=0
Bk,2r
1
k!
(
− log(1− t)
)k
=
∞
∑
k=0
Bk,2r(−1)
k
∞
∑
n=k
(−1)nS1(n,k)
tn
n!
(25)
=
∞
∑
n=0
(
n
∑
k=0
(−1)n−kS1(n,k)Bk,2r
)
tn
n!
.
From Theorem 3 and (25), we have
(26) BLn,r =
n
∑
k=0
(−1)n−kS1(n,k)Bk,2r, (n,r ≥ 0).
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Replacing t by 1− e−t in Theorem 3, we have
ee
t−1+2rt =
∞
∑
k=0
BLk,r
1
k!
(
1− e−t
)k
=
∞
∑
k=0
(−1)kBLk,r
∞
∑
n=k
S2(n,k)(−1)
n t
n
n!
(27)
=
∞
∑
n=0
(
n
∑
k=0
(−1)n−kS2(n,k)B
L
k,r
)
tn
n!
.
By (24) and (27), we get
(28) Bn,2r =
n
∑
k=0
(−1)n−kS2(n,k)B
L
k,r, (n,k ≥ 0).
Therefore, we obtain the following theorem.
Theorem 6. For n≥ 0, we have
BLn,r =
n
∑
k=0
(−1)n−kS1(n,k)Bk,2r,
and
Bn,2r =
n
∑
k=0
(−1)n−kS2(n,k)B
L
k,r.
From (15), we note that
∞
∑
n=k
Lr(n,k)
tn
n!
=
1
k!
(
t
1− t
)k(
1
1− t
)2r
(29)
=
∞
∑
m=k
L(m,k)
tm
m!
∞
∑
l=0
〈2r〉l
t l
l!
=
∞
∑
n=k
(
n
∑
m=k
(
n
m
)
L(m,k)〈2r〉n−m
)
tn
n!
.
Therefore, by (29), we obtain the following lemma.
Lemma 7. For n,k,r ≥ 0, with n≥ k, we have
Lr(n,k) =
n
∑
m=k
(
n
m
)
L(m,k)〈2r〉n−m.
Letting x= 2r, and replacing t by − log(1− t) in (10), we have
1
k!
(
1
1− t
)2r(
1
1− t
−1
)k
=
∞
∑
m=k
S2(m,k|2r)
1
m!
(
− log(1− t)
)m
(30)
=
∞
∑
m=k
(−1)mS2(m,k|2r)
∞
∑
n=m
(−1)nS1(n,m)
tn
n!
=
∞
∑
n=k
(
n
∑
m=k
(−1)n−mS2(m,k|2r)S1(n,m)
)
tn
n!
.
Therefore, by (15) and (30), we obtain the following theorem.
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Theorem 8. For n,k,r ≥ 0, with n≥ k, we have
Lr(n,k) =
n
∑
m=k
(−1)n−mS2(m,k|2r)S1(n,m).
Replacing t by 1− e−t in (15), we get
1
k!
(
et −1
)k
e2rt =
∞
∑
m=k
Lr(m,k)
1
m!
(
1− e−t
)m
=
∞
∑
m=k
(−1)mLr(m,k)
∞
∑
n=m
S2(n,m)(−1)
n t
n
n!
(31)
=
∞
∑
n=k
(
n
∑
m=k
(−1)n−mS2(n,m)Lr(m,k)
)
tn
n!
.
Now, from (10) and (31), we obtain the following corollary.
Corollary 9. For n,k,r ≥ 0, with n≥ k, we have
S2(n,k|2r) =
n
∑
m=k
(−1)m−mS2(n,m)Lr(m,k).
For m,n,k ∈ N, we observe from (15) that
1
m!
(
1
1− t
−1
)m(
1
1− t
)2r
1
k!
(
1
1− t
−1
)k(
1
1− t
)2r
(32)
=
(m+ k)!
m!k!
(
1
1−t −1
)m+k
(m+ k)!
(
1
1− t
)4r
=
(
m+ k
m
)
∞
∑
n=m+k
L2r(n,m+ k)
tn
n!
.
On the other hand,
1
m!
(
1
1− t
−1
)m(
1
1− t
)2r
1
k!
(
1
1− t
−1
)k(
1
1− t
)2r
(33)
=
∞
∑
l=m
Lr(l,m)
t l
l!
∞
∑
j=k
Lr( j,k)
t j
j!
=
∞
∑
n=m+k
(
n−k
∑
l=m
(
n
l
)
Lr(l,m)Lr(n− l,k)
)
tn
n!
.
Therefore, by (32) and (33) we obtain the following theorem.
Theorem 10. For m,n,k ∈ N, with n≥ m+ k and r ≥ 0, we have
(
m+ k
m
)
L2r(n,m+ k) =
n−k
∑
l=m
(
n
l
)
Lr(l,m)Lr(n− l,k).
In particular, we have
(
m+ k
m
)
L(n,m+ k) =
n−k
∑
l=m
L(l,m)L(n− l,k).
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3. FURTHER REMARKS
Let X be the Poission random variable with parameter α(> 0). From (13), we note that
E
[(
1
1− t
)X]
=
∞
∑
i=0
(
1
1− t
)i
e−α
α i
i!
(34)
= eα
(
1
1−t−1
)
=
∞
∑
n=0
BLn(α)
tn
n!
.
On the other hand,
(35) E
[(
1
1− t
)X]
=
∞
∑
n=0
E[〈X〉n]
tn
n!
.
Thus, we see that
E[〈X〉n] = B
L
n(α), (n≥ 0).
Now, we observe from (23) that
E
[(
1
1− t
)X+2r]
=
∞
∑
k=0
(
1
1− t
)k
e−α
αk
k!
(
1
1− t
)2r
(36)
= eα
(
1
1−t−1
)(
1
1− t
)2r
=
∞
∑
n=0
BLn,r(α)
tn
n!
.
On the other hand,
(37) E
[(
1
1− t
)X+2r]
=
∞
∑
n=0
E[〈X+2r〉n]
tn
n!
.
Therefore, by (36) and (37), we obtain the following theorem.
Theorem 11. Let X be the Poisson random variable with parameter α(> 0). Then we have
E[〈X+2r〉n] = B
L
n,r(α), (n≥ 0).
From Lemma 1, we note that
〈X +2r〉n =
n
∑
k=0
Lr(n,k)(X)k =
n
∑
k=0
k
∑
l=0
Lr(n,k)S1(k, l)X
l
=
n
∑
l=0
n
∑
k=l
Lr(n,k)S1(k, l)X
l
.
Thus, we note that
(38) BLn,r(α) = E[〈X +2r〉n] =
n
∑
l=0
n
∑
k=l
Lr(n,k)S1(k, l)E[X
l].
By (11), we get
(39) E[X l] =
∞
∑
k=0
kl p(k) = e−α
∞
∑
k=0
kl
k!
αk = Bl(α), (l ≥ 0).
From (38) and (39), we have
BLn,r(α) =
n
∑
l=0
n
∑
k=l
Lr(n,k)S1(k, l)Bl(α), (n≥ 0).
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Let X be the Poisson random variable with parameter α > 0. Then we have
BLn,r(α) = E[〈X +2r〉n] =
n
∑
l=0
n
∑
k=l
Lr(n,k)S1(k, l)Bl(α).
4. CONCLUSION
In this paper, we obtained a recurrence relation for r-Lah numbers and the generating function
of the r-extended Lah-Bell numbers. Also, we derived Dobinski-like formulas for the r-extended
Lah-Bell numbers and polynomials. We expressed the r-extended Lah-Bell numbers in terms of
the r-extended Bell numbers and vice versa. Also, we deduced an expression of r-Lah numbers
in terms of the Stirling polynomials of the second kind and vice versa. In addition, we were able
to get a relation among r-Lah numbers. Lastly, we showed that the rising factorial moments of
X+2r is equal to the r-extended Lah-Bell numbers evaluated at α , where X is the Poisson random
variable with parameter α(> 0), and r is a nonnegative integer. This follows from the fact that
the probability-generating function of the Poisson random variable shifted by an even nonnegative
integer 2r is equal to the generating function of r-exteneded Lah-Bell polynomials.
It is Carlitz who initiated a study of degenerate Bernoulli and Euler numbers and polynomials.
Following his pioneering work, in recent years we have explored some special numbers and polyno-
mials and their degenerate versions, and discovered their arithmetical and combinatorial properties
and some of their applications. It is one of our furure projects to continue to work on these by
exploiting various means such as generating functions, combinatorial methods, p-adic analysis,
umbral calculus, differential equations and probability theory.
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